Study of adiabatic connection in density functional theory with an
  accurate wavefunction for 2-electron atoms by Chauhan, Rabeet Singh & Harbola, Manoj K.
ar
X
iv
:1
60
2.
05
42
5v
1 
 [p
hy
sic
s.a
tm
-cl
us
]  
17
 Fe
b 2
01
6
Study of adiabatic connection in density functional theory with an accurate
wavefunction for 2-electron atoms
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Using an accurate semi-analytic wavefunction for two electron atoms, we construct the external
potential vαext(~r) for varying strength of αVee(0 ≤ α ≤ 1) where α is the strength parameter and
Vee is electron-electron interaction. Using this potential we explicitly calculate the energy of their
positive ion and show that the ionization-potential of these systems remains unchanged with respect
to α. Furthermore, using total energies Eα of these systems as a function of α, we provide new
perspective into a variety of hybrid functionals.
INTRODUCTION
Adiabatic connection[1] has played an important role
in basic understanding of ground-state density functional
theory[2]. In adiabatic connection (AC), a fully interact-
ing many-electron system described by the Hamiltonian
(atomic units are used throughout the letter)
H =
∑
i
(1
2
∇2i + vext(~ri)
)
+
1
2
∑
i6=j
1
|~ri − ~rj |
(1)
is mapped to the corresponding Kohn-Sham[3] system
given by the Hamiltonian
HKS =
∑
i
(
−
1
2
∇2i + vext(~ri) + vH(~ri) + vxc(~ri)
)
, (2)
where vH(~ri) and vxc(~ri) are the Hartree and exchange-
correlation potentials. This is done by scaling the
electron-electron interaction by a parameter α as V αee =
1
2
∑
i6=j
α
|~ri−~rj| (0 ≤ α ≤ 1) and changing α from 1 (fully
interacting system) to α = 0 (Kohn-Sham system) while
keeping the density equal to the ground state density. To
keep the density fixed, the external potential vext(~ri) of
Eq. (1) is changed to vαext(~ri). Thus the corresponding
wavefunction Ψα(~r1, ~r2, .. ~rN ) also changes but the den-
sity
ρ(~r) = N
∫
|Ψα(~r1 = ~r, ~r2, .. ~rN |
2d~r2d~r3..d ~rN (3)
remains equal to the true ground state density. It is un-
derstood that Ψα=1(~r1, ~r2, .. ~rN ) is the true many electron
wavefunction while Ψα=0(~r1, ~r2, .. ~rN ) is the Slater deter-
minant formed from the Kohn-Sham orbitals.
The exchange-correlation energy in density functional
theory is defined through the AC as[1, 4–8]
EDFTxc =
∫ 1
0
Eαxcdα (4)
where
Eαxc = 〈Ψ
α|Vee|Ψ
α〉 −
1
2
∫
ρ(~r)ρ(~r′)
|~r − ~r′|
d~rd~r′
It is well known that the difference in EDFTxc and E
α=1
xc
is equal to the difference Tc in the true kinetic energy
and the Kohn-Sham kinetic energy Ts. Eq. (4) has been
used extensively to obtain hybrid exchange-correlation
functionals[8–10] by mixing 〈Ψα=0|Vee|Ψ
α=0〉 and an ap-
proximation for exchange-correlation energies, usually
the LDA[11] or GGA[12].
Although AC is often cited in density functional the-
ory studies, not much work has been done to explicitly
construct vαxc(~r) and E
α
xc and study its fundamental as-
pects. The initial work in this direction is that done by
J. Katriel et. al.[13] where the density is kept constant
by constraining the moments of local one-body opera-
tors. Further work has been done by Teal et. al.[14] by
using Legendre transformation on the energy functional.
In this method, the functional[15]
F [ρ] = max
vαext
[
E[vαext]−
∫
ρ(~r)vαext(~r)d~r
]
is used to obtain vαext(~r). For a given density ρ(~r) this is
done by maximizing
E[vαext]−
∫
ρ(~r)vαext(~r)d~r
by varying vαext(~r). To do this v
α
ext(~r) is expressed
as a sum of Gaussians. This method has again been
used to study the adiabatic connection for atoms and
molecules having up to 10 electrons at different lavels of
approximations[16]. Similar work[17] has also been done
on range-separated functionals. In contrast, the present
work uses direct approach based on Levy’s constrained
search method[18] and employs a simple but accurate
semi-analytic wavefunction for two electron system.
In the work described here, we use an accurate vari-
ational form of interacting wavefunction[19] combined
with constrained-search approach to obtain vαext(~r) and
Ψα(~r1, ~r2) for two electron atoms for the full range of
α (0 ≤ α ≤ 1). These are then employed to show by ex-
plicit calculations that the chemical potential for a given
density remains the same and is equal to the negative
of the ionization potential of the true system irrespec-
tive of the value of α. To the best of our knowledge
2this is the first calculation of this kind using the con-
strained search approach of Levy and shows the accu-
racy of our study. The difference between the present
work and that refs. [14, 16, 17] is that in our work
search is made over the wavefunction space keeping the
density constant. In the works of refs. [14, 16, 17] the
search is over the space of different one-body potentials.
Having obtained Ψα(~r1, ~r2) we employ it to calculate the
exchange-correlation energy Eαxc[ρ] for the full range of
α. This is then used to explicitly calculate EDFTxc using
Eq. (4) and show that the difference indeed comes out
to be Tc to a high degree of accuracy. More importantly,
by plotting Eαxc against α and comparing the resulting
graph to that for hybrid functionals, new perspective is
provided to understand the latter.
THE WAVEFUNCTION
The ground state wavefunction that we employ is based
on the Le Sech wavefunction[19] for 2-electron atoms and
has the form
Ψ(~r1, ~r2) = φ(r1)φ(r2)f(r12) (5)
where r12 = |~r1 − ~r2| and f(r12) = [cosh(ar1) +
cosh(ar2)][1 + 0.5r12e
−br12 ] for the ground state. In this
wavefunction a and b are the variational parameters and
for each set of (a, b), φ(r) is obtained by solving a self-
consistent equation given in ref. [20, 21]. The most accu-
rate wavefunction is given for the set (a, b) that minimizes
the total energy. The resulting energies, densities and the
exchange-correlation potential obtained from the wave-
function are all very close to their exact values. More
significantly, the wavefunction Ψα(~r1, ~r2) can be easily
adapted to represent a many-electron wavefunction for
α 6= 1. This is given as
Ψα(~r1, ~r2) = φ(r1)φ(r2)f
α(r12) (6)
where
fα(r12) = [cosh(ar1) + cosh(ar2)][1 + 0.5αr12e
−br12 ].
To study adiabatic connection, Ψα(~r1, ~r2) should be such
that it gives the same density as the true interacting sys-
tem density ρα=1(~r). In the present work this is enforced
by the Zhao-Parr[22] method by demanding that the in-
tegral
1
2
∫ ∫
[ρα(~r)− ρα=1(~r)][ρα(~r′)− ρα=1(~r′)]
|~r − ~r′|
d~rd~r′ (7)
where
ρα(~r) = 2
∫
|Ψα(~r, ~r2)|
2d~r2 (8)
vanish. Minimizing the expectation value of
H ′ =
∑
i
(1
2
∇2i + vext(~ri)
)
+
1
2
∑
i6=j
α
|~ri − ~rj |
with vext(~ri) = −
Z
ri
and enforcing the constraint above
with Lagrange multiplier λ leads to the following equa-
tion for Ψα(~r1, ~r2)
−
1
2
∇2φ(r) −
1
A(r)
∇φ(r) ·
∫
fα(r, r2, r02)|φ(r2)|
2∇fα(r, r2, r02)d~r2
−
1
2A(r)
∫
[|φ(r2)|
2fα(r, r2, r02)∇
2fα(r, r2, r02) + |φ(r2)|
2fα(r, r2, r02)∇
2
2f
α(r, r2, r02)
+ |fα(r, r2, r02)|
2φ(r2)∇
2
2φ(r2) + 2f
α(r, r2, r02)φ(r2)∇2φ(r2) · ∇2f
α(r, r2, r02)]d~r2φ(r)
−
Z
r
φ(r) −
Z
A(r)
∫
|φ(r2)f
α(r, r2, r02)|
2
r2
d~r2φ(r) +
α
A(r)
∫
|φ(r2)f
α(r, r2, r02)|
2
|~r − ~r2|
d~r2φ(r)
+ λ[vzp(r) +
1
A(r)
∫
vzp(r2)|φ(r2)f
α(r2, r, r20)|
2d~r2]φ(r) = E
α
2 φ(r) (9)
here
r0i = |~r − ~ri|, A(r) =
∫
|φ(r2)f
α(r, r2, r02)|
2d~r2
and
vzp(r) =
∫
[ρα(r2)− ρ
α=1(r2)]
|~r − ~r2|
d~r2. (10)
where ρα(~r2) is given by Eq.(3) using φ(r) obtained from
Eq. (9) to construct Ψα(~r1, ~r2). As in the case of fully in-
teracting system, for each set of (a, b) the equation above
is solved self-consistently. The eigenvalueEα2 of Eq. (9) is
the energy of the two-electron system for a given (a, b).
The appropriate Ψα(~r1, ~r2) is given by that (a, b) that
leads to minimum value of Eα2 for a large value of λ. In
our calculations we have chosen λ = 1000. Going beyond
3λ = 1000 does not change the resulting values by any sig-
nificant amount. The resulting λvzp(r) is the difference
between vα=1ext = −
Z
r
and vαext(~r).
COMPUTATIONAL ASPECTS
To facilitate the calculations we make use of the fol-
lowing property of vαext(~r)
vαext(~r)→
−Z + (1− α)(N − 1)
r
as r →∞. (11)
This has been proved[23] in the past on the basis of the
behavior of the exchange potential that goes as −α
r
as
r → ∞. We give an alternative argument here using
the asymptotic decay of the density which is related to
the ionization-potential[24–27] I or the chemical poten-
tial (µ = −I) of the system as
ρ(r →∞) ∼ e−2
√
2Ir.
Since during the adiabatic connection density is kept un-
changed, this leads to the energy difference between the
energy of a system and its ion is equal to −I irrespective
of the value of α. This then indicates that[28]
lim
r→∞
vαext(~r) + lim
r→∞
N−1∑
j=1
α
|~r − ~rj |
→
−Z +N − 1
r
. (12)
Since
lim
r→∞
N−1∑
j=1
α
|~r − ~rj |
→
α(N − 1)
r
,
this implies that
lim
r→∞
vαext(~r) +
α(N − 1)
r
→
−Z +N − 1
r
(13)
or vαext(~r) →
−Z+(1−α)(N−1)
r
in this limit. On the other
hand, near the nucleus the potential vαext(~r) goes as −
Z
r
because the resulting density should satisfy the cusp
condition[29]. Thus in carrying out the numerical cal-
culations in Eq. (9) we use the potential
−
Z
r
+ (1− α)(1 −
1
N
)vH(~r)
in place of −Z
r
, where vH(~r) =
∫ ρα=1(~r′)
|~r−~r′| (~r). Note that
the term with vH(~r) has been included for modified ee-
interaction along with self-interaction term subtracted
from it. Furthermore, for α → 0 and α → 1 this term
goes to the appropriate forms. The external potential
vαext(~r) is then given as
vαext(~r) = −
Z
r
+ (1− α)(1 −
1
N
)vH(~r) (14)
+ λ
∫
[ρα(~r′)− ρα=1(~r′)]
|~r − ~r′|
d~r′.
Although in the past the Zhao-Parr method has been
used extensively[30–32] for constructing Kohn-Sham sys-
tem, this is the first time that it is being applied to Hamil-
tonian containing e-e interaction term.
RESULTS
Now we present the results of our calculations for
He atom. The results for other two-electron atoms are
similar in nature.
(I)Energy and chemical potentials as func-
tion of α : We first give the results for the energy
and chemical potential for the He atom. For different
α, the corresponding values of a and b parameter are
given in Table I along with the energies Eα2 . This
energy as a function of α is plotted in Fig. (1) where
Eα=02 = −1.8078, which is the sum of the Kohn-Sham
eigenvalues and Eα=12 = −2.9028. More importantly,
energies for all other values of α are also plotted and it is
seen that Eα2 as a function of α is essentially linear. We
have also calculated the energy Eα1 of a single electron
in potential vαext(~r). These are also given in Table I
and plotted against α in Fig. (1). These energies also
vary linearly, being equal to the Kohn-Sham eigenvalue
for α = 0 and −Z
2
2 for α = 1. As shown in Table (I),
the difference Eα2 − E
α
1 is a constant and is equal to
negative of the experimental ionization potential[33]
(0.9037[a.u.]) of He to an excellent degree of accuracy.
This is also depicted in Fig. (1). This is the first explicit
calculation of ionization potential for different α′s and
demonstration of its constancy. The results also show
the precision of our calculations.
TABLE I. Energies Eα2 and E
α
1 for He atom calculated for
different α at constant density. Here a and b are paramters
in the correlated part of the wavefunction at which we get
the minimum energy Eα2 . Also given is the chemical potential
µ = Eα2 −E
α
1 .
α a b Eα
2
Eα
1
µ
0.0 0.00 0.00 -1.8078 -0.9039 -0.9039
0.1 0.36 0.18 -1.9112 -1.0074 -0.9039
0.2 0.46 0.18 -2.0164 -1.1126 -0.9038
0.3 0.52 0.20 -2.1231 -1.2194 -0.9037
0.4 0.57 0.18 -2.2314 -1.3278 -0.9036
0.5 0.64 0.18 -2.3408 -1.4374 -0.9034
0.6 0.69 0.18 -2.4515 -1.5482 -0.9033
0.7 0.74 0.18 -2.5633 -1.6600 -0.9033
0.8 0.79 0.18 -2.6769 -1.7734 -0.9035
0.9 0.85 0.20 -2.7894 -1.8862 -0.9032
1.0 0.93 0.20 -2.9031 -2.0000 -0.9030
(II) Correction to the potential −Z
r
: Plotted in
Fig. (2) is the potential term vαλ (~r) = v
α
ext(~r)+
Z
r
, which
4FIG. 1. Total energy Eα2 , single electron energy E
α
1 for He
and the corresponding energy difference Eα2 − E
α
1 for differ-
ent values of α. We note that the energy curves are almost
linear and parallel to each other so the chemical potential µ
is constant for all the values of α.
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is given as
vαλ (~r) = λ
∫
ρα(~r′)− ρα=1(~r′)
|~r − ~r′|
d~r′+(1−α)(1−
1
N
)vH(~r)
(15)
This correction is plotted for α = 0 (Kohn-Sham system),
0.3, 0.6, 0.9 and α = 1 (the true system). For α = 0,
the term in Eq. (15) is the Hartree plus the exchange-
correlation potential for the He atom. It is seen that
the structure of correction to −Z
r
remains similar for all
values of α but its magnitude changes and becomes equal
to zero for α = 1. It is also interesting to look all the
term λ
∫ ρα(~r′)−ρα=1(~r′)
|~r−~r′| d
~r′ which is given in Fig. (3).
From the magnitude of this term which is two orders of
magnitude smaller than that of vαλ (~r), it is clear that the
main difference between −Z
r
and vαext(~r) arises from the
Hartree potential scaled appropriately to take care of the
e-e interaction and self interaction of an electron.
(III)EDFTxc from Hellmann-Feynman theorem
: Exchange-correlation energy in density functional
theory is given by Eq. (4). Displayed in Table II
are values of Eαxc for different values of α. It is seen
that with increasing α, the value of Eαxc becomes more
negative. This has been plotted in Fig. (4) where
graph of Eαxc versus α is almost a straight line. The
behavior shown in the figure is similar to that given in
ref.[16]. Numerical integration
∫
Eαxcdα gives a value of
EDFTxc = −1.0682au, while E
α=1
xc = −1.1036au. This
gives Tc = E
DFT
xc −E
α=1
xc = 0.0354au which is very close
to the actual Tc = T
α=1 − TKS(α=0) = 0.0370au. This
again shows the correctness of wavefunction employed
by us.
FIG. 2. Potential vαλ (r) (Eq. 15)needed to be added to the
potential −Z
r
to keep the density constant while changing the
electron-electron interaction. The curves are plotted for He
(Z = 2).
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FIG. 3. The first term λ
∫
ρα(~r′)−ρα=1(~r′)
|~r−~r′|
d~r′ of vαλ (r) (Eq.
15) is plotted here. The curves are plotted for He (Z = 2).
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(IV)Study of Hybrid Functionals : Starting with
Becke, various hybrid functionals have been proposed
over the past 25 years. The idea behind these functional
is to mix an appropriate ratio of the exchange-correlation
energy Eα=0xc calculated in terms of Kohn-Sham orbitals
( the expression is the same as that of Hartree-Fock ex-
change energy in terms of orbitals) and the approximate
energy Eα=1xc for α = 1. Thus the exchange-correlation
5TABLE II. Expectation values 〈Vee〉
α calculated for different
wavefunctions at different α at constant density. By subtract-
ing the Hartree energy EH from 〈Vee〉.
α 〈Vee〉α EH Eαxc = 〈Vee〉α − EH
0.0 1.0245 2.0490 -1.0245
0.1 1.0138 2.0490 -1.0351
0.2 1.0039 2.0490 -1.0450
0.3 0.9954 2.0490 -1.0535
0.4 0.9873 2.0490 -1.0617
0.5 0.9796 2.0490 -1.0694
0.6 0.9722 2.0490 -1.0768
0.7 0.9652 2.0490 -1.0837
0.8 0.9565 2.0490 -1.0925
0.9 0.9500 2.0490 -1.0990
1.0 0.9454 2.0490 -1.1036
energy is given as
EHybridxc = γE
α=0
xc + (1 − γ)E
α=1
xc ,
where γ is an appropriately chosen fraction. This can be
thought of in terms of adiabatic-connection formula as a
linear function of α
Eαxc = (1− nα)E
α=0
xc + nαE
α=1
xc . (16)
We do this interpolation keeping in mind the way Eαxc
behaves with α, it is very close to being linear. Note
that for α → 0 and α → 1 the interpolation above has
the correct limits. Performing the integral
∫ 1
0
Eαxcdα and
approximating Eα=1xc with density functional approxima-
tion (DFA) leads to
(1−
n
2
)Eα=0xc +
n
2
Eα=1xc (DFA). (17)
Thus n = 2(1 − γ). We now compare three hybrid-
functional viz. EBeckexc , E
PBE
xc and E
B3LY P
xc for the
exact density ρα=1(~r). These functionals are given
as[9, 10, 35, 37]
EBeckexc =
1
2
Eα=0xc +
1
2
ELDAxc
EPBE0xc =
1
4
Eα=0xc +
3
4
EPBEx + E
PBE
c
EB3LY Pxc = E
LDA
xc + 0.2(E
α=0
xc − E
LDA
x )
+0.72(EGGAx − E
LDA
x )
+0.82(EGGAc − E
LDA
c )
We parametrize them as linear functions of α as follows
EBeckexc (α) = (1− α)E
α=0
xc + αE
LDA
xc
EPBE0xc (α) = (1−
3α
2
)Eα=0xc +
3α
2
EPBEx + E
PBE
c
EB3LY Pxc (α) = (1− 1.6α)E
α=0
xc + 2αE
LDA
xc − 0.4αE
LDA
x
+1.44α(EGGAx − E
LDA
x )
+1.62α(EGGAc − E
LDA
c ) (18)
These are plotted as a function of α in Fig. (4) and
FIG. 4. Exchange-correlation energy EHybridxc (α) versus α for
functionals given in Eq. (18) and (19).
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Present
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PBE96
compared with the exact Eαxc. In addition we also plot
EPBE96xc (α) = (E
α=0
xc −E
PBE
x )(1−α)
3+(EPBEc +E
PBE
x )
(19)
as was proposed by Perdew et al. [10]. Notice that
both EPBE0xc (α) and E
PBE96
xc (α) lead to the same func-
tional upon integration over α. However, PBE0 and
PBE96 differ at α = 1. The corresponding exchange-
correlation energies given by these approximations are,
respectively, EBeckexc = −1.0135, E
PBE0
xc = −1.0337,
EB3LY Pxc = −1.0705 while the exact DFT exchange-
correlation energy EDFTxc = −1.0682. Fig. (4) provides
insights into why Becke and PBE0 functionals underes-
timate the magnitude of the true exchange-correlation
energy while B3LYP is quite accurate. While the func-
tional EBeckexc (α) is always smaller in magnitude that
the exact Eαxc, the PBE0 and PBE96 functionals cross
the Eα0xc curve and that leads to cancellation of errors.
On the other hand, B3LY P functional follows the Eαxc
curve closely. However, we note that for extended sys-
tems B3LY P does not give accurate results because of its
failure to reproduce homogeneous electron gas limit[38].
We note that in the past B3LY P functional has been
compared with the exact Eαxc and our work confirms the
previous results[16]. However we have also shown how
other functionals behave in comparision to the exact be-
havior. We finally mention that in the past an attempt
has been made to model Eαxc by Peach et. al.[39].
CONCLUDING REMARKS
To conclude, we have presented a comprehensive study
of adiabatic connection using an accurate two-electron
wavefunction in conjunction with the constrained search
6method. The accuracy of our study is indicated by the
fact that the chemical potential remains constant as a
function of the adiabatic connection parameter α and
the kinetic energy component Tc is also determined pre-
cisely through Hellmann-Feynman theorem applied with
the wavefunction used. We have constructed the exter-
nal potential for different values of α and shown that the
major component of it comes from the Hartree potential
for a given ground-state density. Furthermore, we have
studied different hybrid functionals as a function of α and
shed light on their behavior as a function of α. This may
help in designing better hybrid-functionals. We note that
recently a hybrid exchange-correlation functional has also
been proposed by mixing Eα=0xc and E
α=∞
xc limits[40]. A
study of this functional along the lines given here will be
taken up in the future.
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